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Model:

R œ 1ÐR> >", ))

where  is population abundance at time R >>

) is a vector of parameters

Data:

 American Redstart     BBS # 02012 3336 08545
        # 02014 3328 08636
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1.  OVERVIEW:  CONNECTING
ECOLOGICAL MODELS WITH TIME SERIES
DATA

Approach:  convert deterministic population models
into stochastic time series models (explicitly model
fluctuations)

A.  Process noise

Types:  demographic, environmental, catastrophic,
etc.
ex.  environmental

R œ 1ÐR> >", ) (deterministic))

ln ln , ) (stochastic)R œ 1ÐR  I> >" >)

where  is a random noise process;  typicalI>

assumption is that normal( , ) and , ,I µ ! I I> " #
#5

I$, ... are uncorrelated.

Notes:
 •  , , , ... are R R R! " # dependent

 •  conditional distribution of  ln  given R R> >"

  is normal( ln , ), )œ 8 1Ð8>" >"
#) 5



Observations:  , , , ..., 8 8 8 8! " # ;

Likelihood:

P œ 0 8 8 0 8 8 â0 8 8ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰¸ ¸ ¸) 5, #
" ! # " ; ;"

where

0 8 8 œˆ ‰¸> >"

ˆ ‰ – —� �� �
5 1

)

5
# "Î# > >"

#

#
# 

8  1 8

#
exp

ln ln ,

ML estimates of parameters in  minimize:)

CSS ln ln ,œ 8  1 8�c d� �
>œ"

;

> >"
#)

conditional sum of squares



B.  Observation (sampling) error

R œ 1ÐR> >", ))

] œ R  J> > >

where normal( , ) and , , , ... areJ µ ! J J J> ! " #
#7

uncorrelated.

Notes:
 •  , ) is deterministic solutionR œ 2Ð>> )
     trajectory
 •  Initial pop. size  is an unknownR œ 8! !

     model parameter
 •  , , ...,  are ] ] ]! " ; independent



Observations:  , , , ..., C C C C! " # ;

Likelihood:

P 8 œ 0 C 0 C â0 Cˆ ‰ � � � � � �) 7, ,# ! ! " ;

where

0 C œ� �>
ˆ ‰ – —� �� �
7 1

)

7
# "Î# >

#

#
# 

C  2 >

#
exp

,

ML estimates of parameters in  minimize:)

TSS ,œ C  2 >�c d� �
>œ!

;

>
#)

trajectory sum of squares



C.  Combining process noise and observation
error

ln ln ,R œ 1ÐR Ñ  I> >" >)

] œ R  J> > >

“state space model”
Notes:
 •  Observations , , ...,  are not just] ] ]! " ;

     , they are also dependent not Markov
 •  Usually, likelihood function (a repeated
     integral) cannot be written in simple form
 •  Various approaches:  likelihood via numerical
     simulation, Bayesian, etc (reviews by de
     Valpine 2002 ,Bulletin of Marine Science
     and Clark and Bjørnstad 2004 )Ecology
 •  Parameter estimates (especially of  and )5 7# #

     tend to be  and biased confounded



2.  THE MODEL

A.  The process model

Population abundance is assumed to change
according to a discrete-time, stochastic Gompertz
model.  The Gompertz growth process takes the
density dependence term to be proportional to
ln :R>"

R œ R +  , R  I> >" >" >exp ln .� �
Here  and  are constants, and  has a normal+ , I>

distribution with mean  and variance , written! 5#

I µ ! I I> " #
#normal , .  Also, , , ... are assumed to� �5

be uncorrelated.

Let ln .  On the logarithmic scale,\ œ R> >

\ œ +  -\  I> >" > .

Here .  Note:  is a first-order- œ Ð,  "Ñ \>

autoregressive process (AR(1) process).



B.  Properties of the process model

•  If , then the probability distribution for -  " \>

approaches a  as  becomesstationary distribution >
large:

\ µ
+

"  - "  -
∞

#

#
normal , .Œ 75

The stationary distribution for exp  is aR œ \∞ ∞� �
lognormal distribution.

•  If , then the model for  is a discrete-time- œ " \>

version of Brownian motion with drift.  The
corresponding model for  is a discrete-time,R>

stochastic model of exponential population growth
(or decline).  This is the density-independent
population growth model studied by Dennis et al.
(1991 ).Ecological Monographs



C.  Model with process noise and sampling error

Let  denote the   population]> estimated logarithmic
abundance (estimated value of ).  The error is\>

assumed to be normally distributed.  Thus the full
model is:

\ œ +  -\  I> >" > ,

] œ \  J> > > .

Here I µ ! J µ !> >
# #normal , , normal , , and� � � �5 7

the random errors/noises are assumed free of auto- or
cross-correlations.  The model implies that the
sampling error inherent in estimating  isR>

lognormal state-space model.  The model is a  with an
underlying, unobserved process  and an observed\>

process .  The parameter  is the variance of the]>
#7

log-scale estimation error.



D.  Properties of the model with process noise plus
sampling error

•  If , then the probability distribution for -  " ]>

approaches a  as  becomesstationary distribution >
large:

] µ 
+

"  - "  -
∞

#

#
#normal , .Œ 75
7

•  If , then the model for  is a discrete-time- œ " ]>

version of error-corrupted Brownian motion with
drift.  The model represents a discrete-time,
stochastic model of exponential population growth
(or decline) with lognormal sampling error.  This is
the model studied by Holmes (2001 Proceedings of
the National Academy of Sciences USA) and Holmes
and Fagan (2002 ).  They proposed aEcology
variance regression method for estimating
parameters.



3.  THE LIKELIHOOD FUNCTION:  PROCESS
NOISE PLUS SAMPLING ERROR

A.  Multivariate normal likelihood

It can be shown that the observations ,]!  , , ...,] ]" #

];  have a joint multivariate normal distribution,
provided  arises from the stationary distribution,]!

with:

E ,� �] œ
+

"  -
>

V ,
1

� �] œ 
 -

>

#

#
#5
7

Cov , .
1

� �] ] œ -
 -

> >=

#

#
=5 k k

The likelihood function is the multivariate normal
pdf, evaluated at the data :y œ c dC C C! " ;, , ..., w

 , , , P + -� �5 7# # œ

8 9� � k k ” •� � � �" "

#
  

#1 Ð;"ÑÎ# "Î#

w "

V
y V yexp .. .



Interestingly, the likelihood function is identical to
that of an AOV mixed effects model with repeated
measures. SAS PROC MIXED can be “tricked” into
calculating parameter estimates!

The AOV model: one subject (fixed intercept), with
repeated measures on the subject (having AR(1)
covariance structure), and random time effect. SAS
program is appended with these notes.



B.  The Kalman filter

Like the process-noise-only case, the likelihood
P + -� �, , ,  for the model with process noise and5 7# #

sampling error can be decomposed into a product of
univariate normal pdfs.  However, the process  is]>

89> a Markov process:  that is, given , the] œ C>" >"

distribution of  (or any future value of the process)]>

does depend on any and all values of the process
prior to time .  The pdf for , given>  " ]>

] œ C ] œ C ] œ C>" >" ># ># ! !, , ...,  is that of a
normal distribution with mean  and variance 7 @> >

#

that are computed recursively using the history of the
observations:
 0ÐC C C C Ñ> ! " >"¸ , , ..., 

œ @ 
C 7

@
ˆ ‰ – —� �

>
# "Î# > >

#

>
#

2 exp .
2

1

The recursion relationships for  and  are7 @> >
#

7 œ +  - 7  C 7
@ 

@
> >" >" >"

>"
# #

>"
#” •� �7
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#
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If the initial population is assumed to arise from the
stationary distribution, the recursions are initiated at
the stationary mean and variance:  ,7 œ +ÎÐ"  -Ñ!

@ œ!
# c d� �5 7# # #

!Î "  -  ].  The pdf for  is that of
the stationary normal distribution:

0ÐC Ñ œ @ 
C 7

@
! !

# ! !
#

!
#

ˆ ‰ – —� �
2 exp .

2
1

The recursion expressions for  and  are7 @> >
#

contained in a set of general equations known as the
Kalman filter.  Derivation of the expressions is
straightforward;  the derivation uses repeated
applications of properties of the bivariate normal
distribution.



With the conditional normal pdfs in hand, the
likelihood function is thus

PÐ+ - Ñ œ, , , 5 7# #

0ÐC Ñ0ÐC C Ñ0ÐC C C Ñâ0ÐC C C C Ñ! " ! # ! " ; ! " ;"¸ ¸ ¸, , , ..., 

œ @ @ â@ ‚� � ˆ ‰21 Ð;"ÑÎ#
! " ;
# # # "Î#

exp .
1
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
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@
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;
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>
#



4.  REML ESTIMATION USING FIRST
DIFFERENCES ( STRICTED AXIMUMRE M
LIKELIHOOD)

A.  First differences

First differences are defined as:

[ œ ]  ]> > >"

for 1, 2, ..., .  Then , , ...,  have a joint> œ ; [ [ [" # ;

multivariate normal distribution with

E 0� �[ œ>

V 1 2
2

1
� �[ œ Ð  -Ñ 

 -
>

#

#
#5
7

Cov , 1
1
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Cov , 1
1

� �[ [ œ  Ð  -Ñ -
 -

> >=

#

#
# = "5 k k



B.  Likelihood function for REML

The data are , , ...,A œ C  C A œ C  C" " ! # # "

A œ C  C -; ; ;"
#.  The unknown parameters are , ,5

7# (  is eliminated in the distribution of the+
differences).  The likelihood function is denoted
P -� �, , :5 7# #

w œ A A Ac d" # ;
w, , ...,

P - œ� �, ,5 7# #

8 9� � k k Œ 71 1
2

exp
21 ;Î# "Î#

"

F
F w ww



C.  ML estimate of , with the elements of V+
known (i.e fixed at REML values):

+ œ  -s � �1 .
j V y
j V j

w "

w "



5.  EXAMPLES

A.  Data sets

 Breeding Bird Survey:  American Redstart (2
       locations)
 Simulation

B.  Simulated properties of parameter estimates

 ML

 REML


