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Outline

Chemical reaction network theory
algebraic approach to mass-action kinetics

Moduli space oftoric dynamical systems
the chemical reaction networks witlcamplex
balancingsteady state

Multiple steady states
what is the smallest instance of bistability?
semi-algebraic decomp. of parameter space
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Introduction to CRNT

Chemical engineering (1970s+)
F. Horn and R. Jacksogeneral mass action kinetics
M. Feinberg, “Lectures on chemical reaction networks.”

K. Gatermann introduced connection between mass-ac
kinetics and computational algebra

K. Gatermann and B. Hubeh family of sparseolynomial
systemarising in chemical reaction systen(z002).

G. Craciun, A. Dickenstein, A. Shiu, B. Sturmfelgric
dynamical system$o appear.
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Main result

The Squarenetwork is a “smallest” multistationary CRN:

K12
3 2
Cq C1C5

K41 K14 K32 K23

de,
dt

= (—2K19 — K14)C) + (K41 — 2K43)CiCo

dCQ

+ (2K91 — /123)0103 + (K32 + 2/4634)63 = — r
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Ligand-receptor-antagonist

In humansinterleukin-1 (L) binds with itsreceptor
(R). This leads to inflammation, and occurs in
iIndividuals with rheumatoid arthritis.

Goal: inhibit the binding (G. Gnacadjat al. 2007).

Drug 1: AntagonistgA) bind with the receptors).

Drug 2: Decoy receptorg'traps”T) bind with
interleukin-1 (), but also with the antagonista).
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Modeling the L-R-A-T system

Eight (chemicalgpeciesL, R, A, T, LR, AR, LT, AT.
Four reversibleeactionssuch ad. + R «— LR.

Concentrations of the eight species vary in tim

Reactions describe how the concentrations ev
(according tanass-action kinetigs

EX: the reaction. + R «— LR yields the
polynomial differential equation:

d

%CL — Ry CLR — Rf CLCR
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Modeling chemical reactions

In a chemical reaction network, chemical
complexesare comprised of chemicapecies

Triangle Examples = 2 species:; andcs,
n = 3 complexes=, cicy, c3, and
all six possiblaeactions

Reaction diagranof the Triangle:

K13 C1C9

32
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Mass-action kinetics

The vertex is labeled by thenonomial
Vi o= g s,
Y = (y;;) Is ann x s-matrix of non-negative integers.

The monomial labels are the entries in the row vector

View the concentrations of thespecies:, cs, ..., cs as
functionsc;(t) of time+.

Mass-action kineticspecified by the digrapty and the
parameters; ; is the following dynamical system:

dc
dt

whereA,. is the Laplacian of7 (see next slide).
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The Laplacian

dc

— = V) -A.-Y
A complex space
I

dc/dt :
RS —— RS species space

ThelLaplacianof the digraphz in the example Is

—R12 — K13 K19 K13
Aﬁ; L= K21 —HR921 — K323 K23

R31 K32 —HR31 — K32
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Dynamics

ForS :=spady; — v | (¢,j) € E(G)}, thestoichiometric
subspaceywe have

dc
— = Ul)-A.-YeS.
- (c)-As-Y €8
Thus, a trajectory(t) = (c1(t), c2(t), ..., cs(t)) remains in

a polyhedron
P = (c(0) +5)NRL,.

We call P theinvariant polyhedron
(Usually, it is called thestoichiometric compatibility clask
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Steady states
What are thesteady statésFor whichc € R? Is

Ue)- Ay Y =07
What aboutomplex balancingteady states?

U(c)- A, =0

(def) A chemical reaction network is
multistationaryf there exists two concentration

vectorse, ¢ € P that are both steady states.

For which parameters;; does a chemical
reaction network have: steady states (1#)?
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Toric Dynamical Systems

(def) A toric dynamical systemis a mass-action
Kinetics system with aomplex balancing state

Properties: Birch’s Theorem Horn, Jackson,
—einberg:Deficiency Zero Theoren

f one complex balancing steady state exists, then
steady states are complex balancing.

Moreover, there Is anigque steady stata P.

Theorem 1. A mass-action kinetics system isoaic
dynamical systemif and only if the parameters;

lie in a certain toric varietyV (Mq).
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TDS examples

For theL-R-A-T example, M = (0), so there is always a
unigue(complex balancing) steady state.

For theTriangleexample, consider the following
coordinates (coming from the Matrix-Tree Theorem):

K1 = Kao1K31 + Kogksal + Ko1K32
Ko = Ki2K3s + Ki13K32 + K31K12
K3 = Ki3kog 4+ Ko1K13 + K12Kos.
The Triangle defines toric dynamical systemif and only

if the rate constants,; satisfy K, K3 = K3. Further, we
can show that in general there isiaiquesteady state.

The Smallest Multistationarv Mass-Preservina Chemicaldien Network — p.



Example

Ta ={ K¢ — Kscica, Kicf — Kscs, Kycico — Kscs)
(c1c9 -+ - )™ C Qlk, ¢
Mg =T N Q|kK]
=((Ka1K31 + K3ako1 + Kagksl)(Kiskes + Ko1K13 + K12Ka3)
— (K12K32 + Ki3ks2 + K31k12)°)
=(K K5 — K3).
The expression in the-coordinates appears inHorn,
Necessary and sufficient conditions for complex balanaing |

chemical kinetic$1973). See also M-einberg Complex
Balancing in General Kinetic Syster(f973).
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Connection todeficiency

For a reaction network:, the stoichiometric subspace is
S:=spafy;, —yi|(¢,5) € E(G)}.

Thedeficiencys is a non-negative integer associated to a
reaction diagram.
(def) Thedeficiencyof G Is

0 = n—o—1I,

wheren=number of complexes (vertices G,
o = dim(95), and
[ =number of connected componentsaf
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Deficiency examples
Ex. 1. L-R-A-T
5 =0

Ex. 2: Triangle
0 =1

Ex. 3: Square
0 =2

Moduli ideal M and deficiency

Deficiency=~ number of binomials.

Theorem 2. The moduli idealM/; is toric, and its
codimension equals the deficiency
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Matrix-Tree Thm: :-trees

(Example forz=1) For the first vertex ofs (: = 1),
there are threéetrees?y, 15, andTs:

I

C1C2

cy
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1-trees continued

A///////fC1C2

C1C9

The Smallest Multistationarv Mass-Preservina Chemicaldien Network — p.



Matrix-Tree Theorem (cont.)

(Example) Each tree gives rise to a polynomia

K~ — R21KR31,
/ﬁJT2 = K93K31, and
/ﬁJTP’ — R921K39.

(def) K; = ZTam‘-treeliT

In the example, we have
K1 = Ko1Kk31 + Kozk31 + Ko1K32.
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Matrix-Tree Theorem

Assume that- Is strongly connected.
Theorem 3(Matrix-Tree Theorem)Consider a

submatrix ofA4,. obtained by deleting th&" row and
any one of the columns. The signed determinant o

this (n—1) x (n—1)-matrix equalg —1)""'K;.

ReferenceR. StanleyEnumerative Combinatori¢s
vol. 2 (1999).
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Sqguare network

dey
dt

= (—2K19 — K14)C) + (K41 — 2K43)CiCo

dc
+ (2K91 — /123)0103 + (K32 + 2/4634)63 = 2

dt
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When is the Square a TDS?

The TDS ideall/; is generated by thex22-minors of the
following matrix:

Ky Ko Ky

, Where
K, K Ko
K1 = Kogksakal + Ko1K34Ka1 + Ko1K32K41 + Ko1K32K43
Ko = KiaK32K43 + K12K34K41 + K12K32K41 + K12K32K43
K3 = Ki4Ko3Ka3 + K1aK21K43 + K12Ke3Kka1 + K12K23K43
K4 = Ki4Ko3Kga + K1aK21K34 + K14K21K32 + K12K23K34 -

The Square is a TDS if and only if its parameters lie in the
variety of M, thetwisted cubic curve
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Multiple steady states

How many steady states can a non-TDS Square
network have?

Algebraic methods for studying multistationarity:

C. Conradi, D. Flockerzi, J. Raisch,
Multistationarity in the activation of an MAPK:
parametrizing the relevant region in parameter

space(2007).

Wang, D. and Xia, B.Stability analysis of
biological systems with real solution
classification.(2005).
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Multistationarity of Square

Substituter := ¢; /¢y into dey /dt = —dcey /dt:

ps(x) = (—2K19 — K14)2° + (K41 — 2k43)2”

+(2K91 — Ko3)T + (K32 + 2K34) -

Steady statesorrespond precisely to thmositive rootof
this cubic polynomial.

Consider the following rate constants:

(/ﬁz, K14, k21, K23, K32, K34, R41, /4343) —
(1/4, 1/2, 1, 13, 1, 2, 8, 1).

Thenps(z) = —x + 622 — 11z + 6 has three positive
roots:x = 1, 2, and 3, in other wordshree steady states
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Semi-algebraic decomposition

For example, the Square hidsee steady statgdwno stable)
If and only Iif ps has positive discriminant and has all
(signed) coefficients positive.

Complete parametrization is based on the signs of the
discriminant and coefficients @k.

Horn and Jackson performed this analysis for the follow
special rate constants:

(/612, R14, K21, K23, R32, R34, K41, /643) —

(67 O? 17 07 67 O? 17 0)7

wheree > 0. See also Feinberg (1980).
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Sqguare network

The Square has the following properties:

t

t
t
t

ne number of complexesis= 4,
ne number of connected componentso [ = 1,
ne number of species is= 2, and

ne dimension of any invariant polyhedréhis o = 1.

Theorem 4. The Square Is a smallest multistationa
mass-preserving, reversible chemical reaction
network with respect to each of the following
parametersn, [, s, ando.

Why small systems?

SeeSubnetwork analysis reveals dynamic features of comple
(bio)chemical networksC. Conradi, D. Flockerzi, J. Raisch, ar
J. Stelling (2007).
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Special subnetwork of Square

c; 105

R41] |R14 R32|| K23

cics cs

Multistationarity. when doe® have 1, 2, or 3 positive roots?
p(r) = — F1aT° + K27 — Koz + Kao

The TDS conditionreduces to the single equation
R23ka1 — Ri14R32 .
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Semi-algebraic decomposition

Sqguare subnetwork parameter space: at left is the
discriminant-zero locugAt right, the Segre variety
depicts thel DS locus
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Open problems

Posed during SAMSI Opening Workshop for 2008-09 Progra
on Algebraic Methods in Systems Biology and Statistics

(1b) [M. GopalkrishnanUSC] Does there exist a reversik:
chemical reaction network that gives rise to oscillations’

(3) [A. DickensteihCan we construct a counterexample
the Global Attractor Conjectur@é.e. complex balancing

Implies global attraction of the unique steady state, knoy
as the Birch point) if each complex contains all species”

(4) [G. Ghacadjd Given a (conservative If necessary)
complex-balancing network, can we have a trajectory th
IS confined to the boundary and converges to a boundat
steady state or oscillates around this state?
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What is a (minimal) siphon?

Prop. AssumeG Is strongly connected. Then |
minimal siphons = minimal associated primes of id
of complex monomialg?:.

> ideal I=a"2,a *Pb,b *c;
> LIB "primdec.lib";
> primdecGTZ(l);
[1]:
[1]:

_[1]=c, _[2]=a
[2]:

_[1]=c

_[2]=a

[2]:

[1]:

_[1]=b, _[2]=a2
[2]:

_[1]=b

_[2]=a
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Future events

Discrete Models in Systems Biology Workshor
SAMSI, December 3-5, 2008.
(One of the five topics isbiochemical reaction networKy

AMS Special Session on thidathematics of
Biochemical Reaction Network&aleigh NC,
April 4-5, 20009.
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